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SUMMARY 

Electron spin resonance (ESR) spectral line shapes are calculated for a nitrox- 
ide spin-labeled molecule undergoing rapid restricted rotations (twisting) about its 
long molecular axis while simultaneously tumbling within a cone. Explicit expressions 
are derived for the hyperfine splittings and g-values, as well as for the secular contri- 
butions to the motionally modulated linewidths. The present model is useful for 
analyzing the restricted twisting and tumbling motions, and rotational correlation 
times, of spin-labeled molecules in bilayers. Simulated spectra compare well with 
experimental spectra of lecithin bilayers marked with cholestane spin label, over a 
wide temperature range. 

INTRODUCTION 

The use of nitroxide spin-labeled fatty acids and steroids such as I(m,n) and 
H (Fig. 1 ) as probes of the local fluidity and structure of lipid bilayers and biological 
membranes is very wide-spread. However, it is only recently that physically realistic 
mathematical models have been invoked which satisfactorily describe the motion 
of  these spin labels in bilayers and membranes. We have recently explored and applied 
one such model [1 ]. These models may be classified into two types depending on the 
approach: in one the spin labels are considered as undergoing diffusional rotations 
[2-4], while in the other their motion is assumed to be rapid but restricted or con- 
strained within certain angular limits [1, 5 9]. The restricted motion models have 
assumed only one mode of motion, and have not shown explicitly how the linewidths 
of the three ESR lines depend on the motional parameters. Consequently, it has not 
been possible to accurately simulate ESR spectra using linewidth parameters directly 
related to the motional parameters (e.g. restricted angular limits of the motion, 

* All correspondence should be addressed to Professor A. Ehrenberg. 



126 

x 

> ° )  , z  
O. ,,N-O 

CH~(CH2)~-~C- (CH2)R- COOH 

Y 

l, l 
0 ~z 

Fig. I. Spin labels discussed in this paper. Note lhat in the present notalion the axcs x. y and / 
refer to the molecular axes of the molecule to which the nitroxide radical is attached, und not to the 
nilroxide radical principal axes. In spin label I0n, nl the oxazolidine ring lies in thex  yplane,  while 
in spin label II it lies in the x-z plane. For spin label II the equatorial configuration of  the nitrogen 
depicted above has been established [171. 

correlation times, etc.). The present model assumes that the spin-labeled molecules 
are undergoing rapid restricted rotations (twisting) about their long molecular axes 
while simultaneously tumbling (wobbling) rapidly within the confines of  a cone. The 
results for the effective .q-values, hyperfine splittings, and the secular contributions to 
the motionally modulated linewidths of  the three ESR lines are given in a form that 
allows for easy spectral simulation. This model is particularly useful for interpreting 
the ESR spectra of  steroid spin labels such as 11 (Fig. I); and computer-simulated 
spectra are found to compare well with experimental spectra of this spin label in 
randomly oriented lecithin bilayers. 

T H E O R E T I C A L  BASIS 

The three ESR lines of  a nitroxide radical attached to a tumbling molecule 
have eigenenergies given by (cf. ref. 1, but note differences in the coordinate axes 
systems applied ) 

E o = f l~Hz{gzz  ) = f i eHzg '  

E+, = E o + ( < T x z ) 2  +<Tyz )Z  +<']Tzz)2) } = Eo+_T' (1} 

where 

Wxz = (Txx- "/ivy) sin 0 sin ~b (cos 0 sin q~ cos ~,+cos q5 sin ~b) 
+ ( T : : -  G , )  sin 0 cos0 c o s 6  

Tvz = - ( T x x -  7y:) sin 0 sin q5 (cos 0 sin q5 sin 0 - c o s  qb cos ip) 
--(TLz-- T,,) sin 0 cos 0 sin 0 

Tzz = T~x sin e 0 cos 2 0 + Tyy sin e 0 sin e ~b + T~ cos e 0 

.qzz = ,q~ sin: 0 cos e 0 +,qyy sin: 0 sin: 0 +,q~ cos 2 0 (2) 

/J~ is the Bohr magneton; Hz is the external magnetic field which also defines 
the Z-axis of the laboratory XYZ coordinate system; 9"~, #y~, 9,,- T,,, T,y, T,~ are the 
components  of  the diagonal y-value and hyperfine tensors of the radical along the 
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molecular axes xyz, which are related to the laboratory axes XYZ by the three Eulerian 
angles 0, 4~ and q/. ( ) indicates partial or complete averaging over the angles 0, q5 and 
0; and 9' and T'  may be thought of as the effective values of g and T. In the present 
notation 9xx, Txx, etc. refer to the molecular axes (over which the averaging of the angles 
0, 4~ and 0 is to be performed) and not the nitroxide radical axes. However, the axes of 
these two coordinate systems are assumed to be co-parallel (their z-axes may or may 
not coincide). 

R A P I D  M O T I O N  W I T H I N  A C O N E  M O D E L  

We shall adopt a model in which the molecular motion is determined by two 
independent angular variables ~b o and/3o as follows: 

(1) Axial  rotations: in which the molecule is rotating or twisting rapidly about its own 
z-axis (the long molecular axis of a steroid molecule) within an angular segment of 
amplitude +qSo, i.e. q~ is averaged between qS'+q5 o and qS'--q5 o. 

(2) Tumblin9 within a cone: in which the molecular z-axis is tumbling rapidly within 
the confines of a cone of semi-cone angle /3o, where the cone axis subtends a fixed 
angle 7 to the external field (Z-axis). 

While q5 o and /3 o are independent angular variables in this model, the two 
modes of motion within the cone are not independent but must be related through a 
physically realistic model. We shall adopt a model, shown in Fig. 2, in which the 
angle Z between the plane containing the instantaneous molecular z-axis and the 
cone axis and that containing the z-axis and the mean x-axis is independent of/3. In 
Fig. 3 the external field (Z-axis) direction has been added, and the following relevant 
trigonometrical relations between the various angles are obtained (see also ref. 1, 
Fig. 1 ): 

cos 0 cos 7 cos/3--sin ~ sin fi cos ~ (3) 

sin E 0 cos2 4V = {(cos 7 sin fl+sin y cos/3 cos ~)2--(sin y sin ~)2}cos2(~--r/) 
+2(cos y sin/3+sin 7 cos fl cos c~) (sin y sin ~) sin2(~ q) (4) 

CONE AXIS (MEAN z-AXIS) 

••ST•TANEOUS z-AXIS 

~ WHEN 

MEAN y-AXIS WHEN ~=0 

Fig. 2. In the present  model  the molecule 

x-AXIS 

x-AXlS 
#:0 

is a s sumed  to rotate or twist rapidly about  its molecular  
z-axis with an angular  ampl i tude  zk~bo, while at the same t ime tumbl ing  rapidly within a cone o f  
semicone angle flo. The  figure shows the ins tan taneous  or ientat ion o f  the molecule relative to the 
cone axis, where it is a s sumed  that  fl and Z are independent .  
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Fig. 3. Tile p rev ious  figure with the  extermll  field d i rec t ion  fZ-axis )  added .  7, is tile ang le  be tween  
the fixed cone  axis  and  the ex te rna l  field d i r ec t ion ; / J  is the  i n s t a n t a n e o u s  ang le  between the mo lecu la r  
z-axis  and  tile cone  axis:  0 is tile i n s t a n t a n e o u s  Euler ian  ang le  0 between the molecu la r  z-axis and  tile 
ex terna l  field d i rec t ion :  4,' is the m e a n  tingle be tween the x z and  z Z p lanes  (i.e. 4" is the ins tan ta -  
neous  Euler ian  tingle 4, referred to the  m e a n  mo lecuh i r  x-axis) ,  and  q is the  va lue  o f  4'' when  p' O: 
Z is an  a rb i t r a ry  ang le  such  tha t  Z : :~ q. T h e  Euler ian  angle  ~/, is not  s h o w n  fsee ref. I. Fig. I ). By 
use o r t h e  cos ine  t h e o r e m  it m ay  be s h o w n  tha t  cos  (Z i 4'') COS(rX q 4' 't ( cos ) '  sill fl sinT, 
cos/5' cos  ~)/s in 0, and  by use o f  Eqn 3 we ar r ive  at Eqn 4. Tile a v e r a g i n g  over  0, ~t' and  a5 is effected 
by a l lowing  4' to lake  on till va lues  between qS' • 4,0 and  4'" 4,o, then  a l lowing  ~ and  /] to take  oil till 
va lues  between 0 and  2.'7. and  0 and  /70, respect ively.  

sin(ipo -q*) sin # sin :usin 0 (5) 

We shall first deal with the secular contributions to g' and T', given by (gzz)' 
and (T-zz), the evaluation of which involves calculating the averages <cos 2 0),  
(sin 2 0 cos 2 &) and (sin 2 0 sin 2 45) as follows (with Eqn 3): 

1. 
[ ' 2 " d ~  [ ' f l °cos2  0 Sill /] " d/~] 
0 ~" 0 

< c o s  2 0 )  = I - ( s i n  2 0 )  = ~ .2 n " fill 
,/:~ sin I7"<llJ 

• 0 * ) 

= 7>12+(3 cos ey_ i)( i  +cos rio)cos/h,l 

2. 
i 
. . 2~  l. f l , ,  3 , i'4,' + 4,,, 

l, d~<jo sin- o ~in/;- d/JJ+. +<cos-" ,i,d<l, 
( s i n  2 0 cos- '  45) = " 

1"2~ i'#o i'(P' +,)o 

I ';:< t sin I ; 'dl~ ,;45 

• 2n ;.lS< [ 
] d0~ I s i n 2 0 . s i n f i ' d f i  " I I +  

• ( I  " v l ' )  

2=(1 - c o s  rio) 

= ~ ( s in  2 0 ) + a  • s in2 y cos  2 ~ 1 ( 7 + 4  cos  r io+COS 2 rio) 
24 

sin q$. cos  4)(> c o s  245'] 
_3 #h, 

(with Eqn 4) (7) 
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3. (sin 2 0 sin 2 ~b) = ½(sin 2 0 ) - t r  • sin2 y cos 21/(7+4 cos flo+COS 2 flo) (8) 
24 

sin ~bo cos ~o 
where a . . . .  (9) 

~o 

Substituting Eqns 6-8 into the expression for the effective y-value 

g' = (gzz) = gxx( sin2 0 COS 2 (~;) +gyy(Sin 2 0 sin 2 ~)) +gzz(COS 2 0) (10) 

we obtain an expression for g' which may be put in the convenient form 

g' = g~x sin2 7 cos2 q+gyy sin2 Y sin2 rl+0~z c°s2 7 ( l la )  

where 

g x x :  ½ [ (gxx + ~yy)- (~yy- ~xx) O" (7 + 4 cOS flO + c 0 S 2 1 2  fi0't~'_] 

gYY = ½ I(gxx+gYY)+(gYY--gX*)6(7+4COSflo+COS2flO)I12 

(2-cos flo-cosZ flo l 
+ [gzz -- ½(gx× + gyy)] \ - - - ~  ,/ ( l lc)  

1 + cos  + cos2 
.qzz = ½(gxx + gyy) + [gzz -- ~-(gxx + gyy)] 

3 
( l ld )  

Note that gxx + gyy + gzz = gx~ + gyy + gzz" 
The expression for <Tzz) has the same form as Eqn l 1 with g~x, Jx,, Yyr, etc. 

replaced by T~x, Txx, Tyy, etc. 
In order to calculate T', many pseudosecular terms have also to be averaged 

(see Eqns 1 and 2 and the resulting computations are very tedious. However, it is 
reasonable to expect that T' takes the form 

T' = (Tx] sin 2 y COS 2 ~ + Tyy 2 sin 2 7 sin2 q + Tz~ COS 2 ]/)½ (12a) 

whence we may calculate Txx, Try and Tz~ on the basis of the present model (putting 
= 90 °, q = 0; y = 90 °, rl = 90°; y = 0 °, respectively, into Eqns 3, 4 and 5). In these 

limits it may be shown that the pseudosecular terms of Eqn 2 do not contribute 
to the hyperfine splittings and we therefore obtain 

Txx = ½ [(Txx + Tyy)-(Tyy- Txx) ff (7 +4 c°s fl° +c°s2 

+ [Tzz- ½(Txx + Tyy)] (2-cos,  f lo-cos  2 6  fl0) (12b) 
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,[ T,, : > ( L , + 7 ; , ) + i 7 ; ,  7t,)<5 
• 12 

+ [7), - I ( T,, ~ 7;, )] { 2 - cos/D,6- cos-' #,, } 
( 1 2 c  I 

~1 = ½(T,, + T,,.) + . . . . . .  [ T , , -  ~(T,, + 7:,.)] "{ 1 +cos rio+COS-'3 rio)" (12d) 

and T , x+T ,~+T , ,  = 7 , ,+T ,y+T ,~ .  

Though Eqn 12 has not been derived r igorously it nevertheless reduces to the 
correct expressions in all the l imi t ing cases where a comparison with existing rigo- 
rously derived expressions can be made. 

Eqns 11 and 12 have the fol lowing l imi t ing forms: 
I. For no motion (q5 o 0, /], ..... 0, so that es : I, 7 0, q ~)  

,0xx = ,qxx ,  0 ,>  = ,C]y>, ,~l , :  = , q z ; , "  

and similarly for T,~, etc. 
2. For complete isotropic motion (~ , , :  c o ,  r io :  cO,  so that rr O) 

~Tx, = 0y~ = .<7,, = ~(O,,+.qy, +,q,,), 

and similarly for T,~, etc. 
3. For no tumbling within a cone (rio : 0) 

<7,, = 2 ' [ ( v , , + < , ) - ( v > , - v , , ) ~ ]  

,O,, : ' [ ( v , , + . < t , , ) + ( v , > - v , , ) ~ ]  

,~]zz = ,qzz 

and similarly, for T~x, etc. Eqns 11 and 12 reduce to results recently derived by Jost 
and Grif f i th [8] for this case (though their notat ion for the xyz axes differs from ours). 

4. For complete axial rotations (q5 o : 90':. ¢r 0) 

.O,, = .it,, = ~(.qx, + . q , ) + [ , q , , -  ~(,q,, +gyy)]  ( 2 - c o s  r i o - c o s  e rio} 

6 

" " B 

Eqns I 1 and 12 are now equivalent to expressions recently derived by Israel- 
achvili et al. (ref. 1, Eqns 13 and 16) for this case, where pseudosecular terms were 
included in the averaging over all angles. 

The factor  a serves as a useful measure of  the rotational motion of  the molecule 
about  its own z-axis. The twisting angle ~b o appears in Eqns I1 and 12 only in the 
form a: and we may further note that, when flo O, 

~ i ~ -  ~ ,  sin 4b o cos q5 o 
o = (13) 

T , , -  77,. , ~/,,, 
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The factor a may be referred to as the axial order (motional) parameter. 
For no axial rotations a = 1, while for complete axial rotations a ~ 0. 

Note that a is independent of the conventional order parameter 

S - Tzz-l(~x-~- ~yy) - ½ cos flo(1 --{-cos flo) (14) 
Tzz-  ½(T~x + Tyy) 

which defines the tumbling motion within the cone and which varies between 1 and 0 
as flo varies between 0 (no motion) and 90 ° (rapid tumbling). The two order para- 
meters S and a therefore serve to define the two modes of motion of the molecule in 
the present model. 

On the basis of the present model ESR spectral line shapes will depend on both 
q5 o and fl0, as well as on the spatial distribution of cone axis inclinations y. If  there is a 
random distribution of cone axes then simulated spectra can be obtained by employ- 
ing the standard programme of Lefebvre and Maruani [10] with the Eulerian angles 
0 and q~ now replaced by ~ and r/, and using values for Txx, 0xx, etc. as calculated from 
Eqns l 1 and 12. Thus, if Tx~, Tyy, Tzz can be determined from a best-fit spectral simula- 
tion of an experimental spectrum, one immediately obtains unique values for q~o and 
flo. Good  simulations, however, are rarely obtained without some linewidth considera- 
tion (the Lefebvre and Maruani programme assumes a constant intrinsic linewidth 
for all the lines), and this matter will now be dealt with. 

L I N E W I D T H  C O N T R I B U T I O N S  FROM MO T IO N AL M O D U L A T I O N  

The rotational motion o fa  nitroxide radical results in a "modulat ion" broaden- 
ing of each ESR line. This broadening depends on the anisotropic g and T tensor 
components, on the nuclear spin quantum number m, and, in the present model, 
on the motional parameters 7, flo, q, q~o, and on the rotational correlation time z. 

For rapid interchanges in orientation, as is assumed in the present model, 
the linewidth contribution from motional modulation is proportional to the mean 
square fluctuation of the instantaneous resonant field about the mean [11, 12]. The 
total linewidth may therefore be expressed as 

Fm = r r - I - ( ( n - ( u ) ) 2 ) ? e z  (15) 

where F,, is the half-width at hall-height of the absorption line*; F, is the residual 
linewidth, assumed the same for all lines; H is the instantaneous resonant field at the 
fixed microwave frequency v; ?e is the magnetogyric ratio of a free electron, and z is 
the rotational correlation time of the tumbling molecule. The motional narrowing 
situation of Eqn 15 is valid when the time-dependent fluctuation 6H - - H - - ( H )  
obeys ( 6 H )  2 ~e 2z2 < l [12]. For a nitroxide spin label the maximal value of ( 6 H )  
7e ~ 5 " l0 s rad/s from the hyperfine contribution. For isotropic motion the theory 
is thus applicable for z ~ 2 • l0 -9 s. For restricted anisotropie motion (small flo and 
~o) the fluctuation 6H decreases and hence the theory will be valid for correspondingly 
larger z-values. In the present analysis we shall concentrate only on the secular 
contribution to the linewidth. For simplicity we neglect the non-secular effects and 
assume (2nv) z > 1, where v is the resonance frequency (z > 2 • 10-11 s at X-band). 

• If  W is the peak derivative width, then W - -  (2 /~ /3)F  for a Lorentzian line, and W = 
(2/ln 2)~/~ for a Gaussian line. 
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Putting: 

A T  = "1~, : -~( ' / \ ,+ /~ , )  

W,, = ! , ( T , ~ + T , , + T , , )  

I Ag = gzz-- 2( ,q~ ,+ ,q> , )  

.% = ~(.q~ +:!,~ +~.t,:) 

we may express ,qzz of  Eqn 2 in the form 

,qzz = ,qo + IA,q( 3 cos2 0 - I )+  ~6#, s i l l  2 0 cos 2q5, 

and similarly for T:z. 
Thus:  

16) 

17) 

]11' 
I I  >- - mT)z 

~c ,qZ7 

h ~' 
->. [ H , , - : , } d # ( 3 c o s 2 0 - I ) + ~ , S H s i n 2 0 c o s 2 6 } ]  

I ,..~/o 

- m[7},+ { ~AT(3 cos-' 0 -  1)+ ~STsin e 0 cos 2(/~'~] 

= C O N S T - {  h,' ) I fi,' , I ; ~ . q ~ A o + m A T  cos20  - [ & l + m T i T ) s i n 2 O c o s 2 ~ / )  18) 
• 2 ~ # , , v ~ ,  " 

Hence: 

FI ] l v  ) 
r... = r . ÷  L~/~.,A,+mar ~(<cos ~ O>-<cos: ,>e) 

I "" 1{ "" i<s,n: ,, , ,cos e,/,:> + t ,  , A 4 + m a W  2 . 
/~..q; /L .q o 

-<cos; O ) < s i n  2 0 cos 2 0 ) )  

' i  hv 1: )- + 6q + m 6 T  (<sin a 0 cos- 2~/~> <sin ~ 0 cos J O -  9',. r (19) 

In the limit of rapid isotropic tumbling (r isotropic) the only nonvanishing 
terms are <cos 4 07 51, (cos  2 O> ,~l, and <sin* 0 cos e 295> 4 .  and the linewidth 
is then: 

Fm 1 " +  I ' , A . q + m A T  + t , , S q ÷ n l ~ ' ~ T  7<. 
45 /<.q; 15 fi~.,qa 

Eqn 20 is in complete  agreeement  with Wilson and Kivelsons" results (ref. 13. 
Table I l l )  regarding the secular contr ibut ions  to the linewidth in the limit of  rapid 
isotropic tumbling. Also in this limit, the pseudosecuh|r  contr ibut ion to the linewidlh 
[13] is: ~( 4 AT 2 tlsf$T2)[l(l i l) m217<.r. 
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In  the case o f  res t r ic ted ro t a t i ons  each t e r m  of  E q n  19 mus t  be  ave raged  on  the  
basis  o f  the presen t  (or  some o ther )  model .  The  genera l  express ion  for F , ,  is very 
compl ica ted .  However ,  for  s teroid  spin  labels  ( e . g . / / )  it is sufficient to  cons ider  on ly  

the two l imi t ing  cases of  qSo > 0, flo = 0, a n d  ~b o ~ 90 °, flo > 0. This  is because  a 
s teroid  molecule  in  a b i layer  does n o t  t u m b l e  apprec i ab ly  wi th in  a cone  un t i l  the 

axial  r o t a t i ons  are comple te .  

Case I: Axial rotations only (q5 o > 0); no motion within a cone (rio = O) 
W h e n  flo = 0, 0 -= y, a n d  ~b' = q; the first two t e rms  wi th in  the square  b racke t s  

in Eqn  19 vanish ,  a n d  we are left wi th  

2 
ffm ---- f i r +  ¼ (fl~g2o' hv 69 + m 6 T )  sin 4 ] ) [ (COS 2 2 q 5 ) -  ( cos  2q~)2]yeZa 

= G+ ¼ - ~  ~g + m a t  sin ~ ~,[½(1 -~r  cos 2 4 ' o ) - ~  cos 2 2 q ( ~ - c o s  2¢o)]~'oT. 
t:¢go 

(21") 

where z.  is the  axial  r o t a t i ona l  co r re la t ion  t ime o f  the molecule  (since E q n  21 arises 
f r o m  pure  axial  r o t a t i ons  a b o u t  the molecu la r  z-axis).  Fig.  4 shows how ¼ ( ( cos  2 2qS)- 

( cos2  th) 2) varies wi th  tko a n d  r/. 
F o r  n o  axial  r o t a t i o n s  (q5 o - -  0, cr =- 1), F m = Fr;  while for comple te  axial  

ro t a t ions  (a - -  0), 

/~m = F r +  ½ hv 6 g + m d T  ( sin4 ? )?eG (22) 

Q16 I ' I I i I t i I 

o., ,  4,o 
90 ° & 180 ° 

o.,o 

t 0.08 
7 60. 

0.04 

0.02' 

0 
0 ° I0 ° 20 ° 30 ° 400 50 o 60 ° 70 ° 80" go ° 

rl 
Fig. 4. Variation of ¼((cos 2 2@)--(cos 2@> 2) with angle ~t at different values of ,~o- For a 
nitroxide spin label attached to a steroid molecule such as cholestane (spin label II) that is rotating 
or twisting rapidly about its long molecular axis (the z-axis) within an angular segment of amplitude 
+ 4>o, the effective g and T values at a given inclination 7 and ~ are given by Eqns 11 and 12 putting 
flo = 0, and the secular linewidths of the three ESR lines (at m = 0, ~:1) are given by Eqn 21. The 
above linewidtb variations are symmetrical about ~ = 45 °, and show that the largest linewidth occurs 
at 7' = 90°, ~ = 45°. 
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It may also be shown that in this limit the pseudosecular contribution to the 
I " 2 l i n e w i d t h i s  z z 0 T  s i n Z T ( I  {cos2y)(l(l~l) 1112)}',.Ta . 

Case  2: C o m p l e t e  a x i a l  ro ta t ions  (~b o ~ 9 0 ) ,  plus  m o t i o n  withht  a cone (rio • O) 

All t e rms  in which cos24) appea r s  wi th in  ( ) brackets  in Eqn 19 now vanish 
a n d  we have 

F., = / 'r-F { hv )2 lfi~..q~ Ag+mAT ( ( c o s  4 0 } - ( c o s  2 0 )" )7 , ,T  , 

t hv 2 

+ ~ ~fl~.qo &q+m&T), (sin40>y,.r.,,. (23) 

A s  t h e  s e c o n d  t e r m  in E q n  23 a r i s e s  f r o m  p u r e  t u m b l i n g  w i t h i n  t h e  c o n e ,  ~-, is 

t h e  t u m b l i n g  c o r e l a t i o n  t i m e .  T h e  t h i r d  t e r m  in E q n  23 a r i s e s  F r o m  b o t h  ax i a l  r o t a -  

t i o n s  a n d  t u m b l i n g  (cf.  a r g u m e n t s  o n  p. 127 a n d  F i g s  2 a n d  3), so  t h a t  %, r e p r e s e n t s  

a m i x e d  c o r r e l a t i o n  t i m e  i n t e r m e d i a t e  b e t w e e n  L, a n d  r , .  

U s i n g  Eq  (3)  a n d  a v e r a g i n g  as  b e f o r e ,  we  o b t a i n  

<COS 4 0 > - < c 0 S  2 0> 2 = 4'5(1 - - C O S / ] o ) 2 ( 4 + 7 C O S 1 ] 0 + 4 C O S  21]o) 

' sin 2 y cos/~o( 1 + 2 cos rio)( I - cos 2 rio) + s  

i sin 4 y cos rio(3 + 5 cos flo)(I - c o s  2 [¢o) (24) 

and  

<sin 40>  = i l ~ ( l - c o s / ; o ) 2 ( 8 + g c o s f i o + 3 c o s  2[~o) 

+ s in2 7 COS flo( I + c o s  rio)( 1 --COS 2 rio) 

' s i n 4  7 c o s  fio(I + c o s  f lo)(7 c o s  2 flo - - 3 )  (25 )  + s  

~<sin4e> 
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Fig. 5. (a) Variation o f  cos ' *  0) ,cos  2 0 2 with angle ;, at different values of  flo. (b) Variation 
of  " sin`* 0 with angle ~, at different values of  flo. For a spin-labeled molecule which is rotating 
rapidly about its molecular z-axis, and at the same time tumbling within a cone o f  semi-cone angle 
flo, the effective .,7 and T values at a given cone axis inclination 7 to the external field are given by Eqns 
II and l2 putt ing c* O, and the secular linewidths o f t h e  three ESR lines tat m O, ! I l a r e g i v e n  
by Eqn 23. 
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For no motion within a cone (/~o = 0) Eqn 23 reduces to Eqn 22, while for 
rapid isotropic tumbling Eqn 23 reduces to Eqn 20. Fig. 5 shows how ((cos 4 0 ) -  
(cos 2 0) 2) and ~ (sin 4 0) vary with/~o and 7. 

For steroid spin labels such as H, A9 and AT, and 69 and 6T, have different 
signs, so that the high field (m ~ --1) lines will always be broader than the low field 
(m = + 1) lines. 

For spin labels such as fatty acids, l(m, n), Ag and AT are also of different 
sign, while ~ST is now negligibly small. Hence for such spin labels the high field 
(m = --1) lines will again be broader than the low field (m -- +1 )  lines, and the 
linewidth is satisfactory given by the first two terms of Eqn 23. 

A P P L I C A T I O N  O F  T H E  M O D E L  T O  S T E R O I D  S P IN  L A B E L S  

For a steroid spin label such as II, there is a large difference between Txx and 
Tyy, and the spectra are very sensitive to changes in both q5 o and/~o (as well as F r 
and z). 

In order to obtain the best values for ~b o and 3o one must resort to best-fit 
computer simulations. This process is facilitated by the following two considerations: 
First, we may expect that a steroid molecule in a bilayer will first rotate about its own 
z-axis before tumbling within a cone. Thus, as the temperature is raised from a low 
value, where q5 o =/~o ~ 0 corresponding to a powder spectrum, q5 o should be the 
first to increase, and only when 4)o is close to 90 ° should /~o begin to rise above 0. 
Second, for eholestane spin label II, Tyy ~> Txx ~ Tzz, so that the effective hyperfine 
splitting T' of Eqn 12a is maximum when 7 90 °, r/ -- 90 °, i.e. 

"/-max = Tyy (c.f. Eqn 12c) (26) 

Thus, for no motion (a = 1, fl0 :~- 0) T ' m a  x ~ Tyy; for rapid axial rotations only 
(0" ~ 0 ,  fl0 ~ 0 )  T ' m a  x ~ 1 ( T x x + T y y ) ;  while for rapid isotropic motion (a = 0, rio : 

90 °) T'm.x ~ (Txx+T.+Vz~). 
T'm~x is a useful parameter that may be obtained approximately from experi- 

mental spectra by measuring the field separation of the high and low field derivative 
extrema, 2T'm, ~ (exp). Computer simulated spectra for the present model, however, 
reveal that the separation between the high and low field extrema, as measured from 
the simulated spectra, increases progressively above 2 T ' m a  x (the input value for the 
simulation) as z increases. This is because the greatest linewidth broadening does not 
occur at the outermost spectral regions but farther in as may be seen from Figs 4 and 
5 and the corresponding equations. The measured value of 2T'max (exp), however, 
remains a useful starting parameter for simulations. 

E X P E R I M E N T A L  

Cholestane spin label (3-doxyl-5~-cholestane, Fig. 1), obtained from SYVA, 
Palo Alto, Calif.) and egg yolk lecithin (type llIe, obtained from Sigma Chemical Co., 
and used without further purification) were dissolved in hexane in a molar ratio 1 : 100 
The n'fixture was evaporated to dryness flask, A 0.1 M NaC1 solution buffered 
with 50 mM Tris (pH 7.2) was added to the flask, which was then rotated slowly in a 
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waterbath at ~37  C until the film conta in ing  the cholestaneilecithin mixture had 
dissolved (30-40 rain). The solution was homogenized by' sonicating for 10 minute> 
in a Branson S-125 sonicator  at power level 4, and then centrifuged at 48 000 ,<1 

for 10 rain. The superna tan t  was collected and inserted into a quartz ESR capiltar.x 
tube of I mm inner bore. The final concentra t ion  of lecithin was 15 nag/ml. 

ESR spectra were recorded with a Varian E-9 X-band spectrometer using a 
rectangular  cavity. The temperature was regulated with a heater sensor system using 
cold nitrogen gas, and the sample temperature  was measured with a pla t inum resistance 
(belk)re and  after each spectrum) to . 0.2 C. 

For accurate .q-value and  lield cal ibrat ions of the "frozen" powder spectrum, 
at 196 C, an AEG N M R  f i e l d i n e t e r a n d a  frequency cotinler (for both the micro- 
wave and NM R frequencies} were used. 

Simulated ESR spectra were computed  on an IBM 360/75 with a program that 
included variat ions of an arbitrary lineshape as a subroutine.  The spectra could be 
scaled to the same maximum peak-to-peak ampli tude,  or normalized to an identical 
double  integral. 

RESULTS AND DISSCUSSION 

Experimental s7~ectra 
Sonicated and unsonicated lecithin dispersions exhibited almost  identical 

spectra at 22 C .  Fig. 6 (broken lines) shows a number  of selected experimental spectra 
of  the sonicated dispersion at different temperatures.  The top spectrum (6a; tit 31 ~C) 
corresponds to a powder spectrum centred at ,q 2.0021, and of max imum splitting 

" ~  , !'̧  ii,L ° C  

. j "  , . . . . .  )' , -31.o 

, J  

[ ~ 

l 'i, 

b - 1 0 . 0  

' ,,,l i / ~  - ~  ~ - -  
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e "" ' II ' 
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• A j . '  ,, 

-39.~  

,i I I 

i' ~1 ! ' 
tO -71.0 > / I~ j¢ ~ ,  _ r 

- -- ! /" S ~i " 
it/ ' ,i '~/ 

2 n a t  

Fig. 6. Comparison between experimental (broken line) and stimulated (full line) ESR spectra at 
various temperatures for the 3-doxyl-cholestane spin label in aqueous egg tccithin dispersions. The 
parameter sets used for the simulation of the various spectra arc found in Table I. 
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T'ma x (exp) ~- 3.42 mT. At  this t empera tu re  the spin labels are a lmost  comple te ly  
immobi l ized;  on further  lowering the tempera ture  to  - -196  °C there was no fur ther  
increase o f  the max imum split t ing, but  only a b roaden ing  o f  the spectrum. 

The overal l  spectral  line shapes were comple te ly  reversible in the t empera tu re  
range s tudied ( - -31 °C to +71  °C), t hough  the intensi ty o f  the signal fell by ~ 2 0  ~,i 
dur ing  the course o f  the measurements  ( ~  15 h). 

Simulated spectra 
Fig. 6 (cont inuous  lines super imposed  on the exper imenta l  b roken  lines) 

shows compute r - s imula ted  spectra  based on the present  model ,  each ca lcula ted  at  the 
best-fit values o f  qSo, flo, Wr, and  r, as shown in Table  I. 

TABLE I 

PARAMETERS USED FOR SIMULATING THE ESR SPECTRA IN FIGS 6a-f 

Temp. CC) 4o t3o Wr '~ (mT) r a (ns) ~:t (ns) rat (ns) 
(degrees) (degrees) 

-31.8 6.0 0 0.62 10.0 
- 10.0 43.0 0 0.60 5.0 - - 

--0 66.0 0 0.42 3.0 
-~ 10.6 90.0 25.0 0.42 - 3.0 1.5 
+ 39.4 90.0 52.0 0.35 -- 2.0 0.3 
+71.0 90.0 59.0 0.30 -- 0.5 0.1 

* A superposition of Gaussian and Lorentzian functions in an 1 : I ratio both with the indicated 
linewidths was employed. 

Each spec t rum was ob ta ined  by add ing  spectra  at  2.5 ° intervals of  q and ~, 
f rom r / =  1.25 ° to q = 88.75 ° and  f rom ? = 1.25 ° to ~ = 88.75 °, each weighted with 
sin ~ (to account  for the r a n d o m  dis t r ibut ion  o f  ~ and q in all direct ions) .  The funct ions 
g ' (? ,  rio, r/, qSo), T ' (? ,  rio, r/, qSo) were calcula ted using Eqns 11 and  12; and  the line- 
widths  Fm (and Wm* ) o f  the three ESR lines (m ~ 0, ± 1 )  per spec t rum were calcu- 
la ted using Eqns 2l  or  23, whichever was the more  appropr ia te .  

The fol lowing g and  T values were used in the s imulat ions:  

gxx 
ffyy 

gzz 
T x ~  

T y y ~  

T ~ z ~  

Thus 

go = 2.0056 

(hv/flog2)Ag = 0.19 mT 

(hv/fl~gZ)6g = 1.00 mT 

2.0083 (best-fi t)  

2.0021 (measured)  

2.0064 (best-fit) 

0.56 mT (best-fit) 

3.42 mT (measured)  

0.56 mT (best-fit) and  v = 9.05 • 109 Hz (exper imenta l  microwave frequency).  

To = 1.51 mT 

A T  = - 1 . 4 3 m T  

6T = - 2 . 8 6  mT 

* See footnote p. 131. 



13s 

To start with we used gxx 2.0088 and #,~ 2.0058 according to lhe litera- 
ture [6, 14]. These values, however, invariably caused a shift of  the central zero-cross- 
ing towards high fields, hence small adjustments of  the ,q-components w e r e  nccee,- 
sary. while keeping #o unchanged. 

Using these values in Eqns 19 23, we readily find that tile motional broadening 
of  the three ESR lines is in the order:  high field (m I) Io~ field (m I ) 
centre field (m 0). Further. as tile molionsll broadening of  Ihe central (st~ 0) 
lines is small, an accurate estimate of the residual linewidth 1~, (exp)may  be obtained 
from the central region of  each experiinental spectrunl by compar ing onl \  this region 
with a simulated spectrum computed  at 14',, l,t'~ (exp) con,,tant, i.e. 7 0. 

The procedure for determining the best-lit values of'd) o./)'o and r per ~pectrum 
was first 1o vary (lJ. and fie (bearing in nlind tile remsirks of  lhe previous seclion) 
using an intrinsic linewidth 14/~ for sill tile lines (i.e. T 0). until all Ihe main lealure> 
of  the experimental spectrum showed up. The value o f t  was then increased, and small 
adjustments made in dJ.- fie and ff'~, until the best overall lit was ~)blained. 

For the niotional narrowing case one expects a Lorentzian lineshape but inho- 
mogenous broadening due 1o unresolved proton couplings will make the lines some- 
what Gaussian. Both pure Gaussian and Lorentzian lineshape~, \~cre lesled, but it ~a~, 
l(mnd that a superposilicm of  those functions furnished the besl ill. This was accom- 
plished by' generating nornmlized Gaussian sis well as Lorenlzian absorption l'unctioll,s 
and at each individual orientation (7' and q values) those function,, v, ere weighted at a 
fixed ratio. In Eqns 21 and 23 tile proper 1~ {Gauss) or 1~, (Lorenlz),  calculated From 
~/V r, had to be inserted. I1 was found that the simulated derivative spectra exhibited 
the best overall lit when a I : I ratio of  the two functions was employed sit all tenlpera- 
tures. The spectra were relined by variation of  H' ,  The linal I1, ~a~ not constant at 
all temperatures.  From Table I it is seen that B"~ is monotonous ly  decreasing Irom 
0.6 to 0.3 rnT when raising the temperature. This tendency is in accord ~ith tile de- 
creasing contr ibution of  anistropy in any unresolved hyperfine coupling as motion 
increase,,. Variation in tile residual linewidth has been observed before (4. ,'-;, 13, 15] 
and treated phenomenological ly [4. g. 15]. 

The simulated spectra (Fig. 6) were consistently scaled to lhe same amplitude 
of  the central peak as tile corresponding experimental ones. Attempts to scale accord- 
ing to double integrals of  derivative speclra were less satisliictory because of  uncer- 
tainty in the experimental integrals. Tile total number of  parameters would make an 
automat ic  iterative procedure somewhat hazardous. Nevertheless. the good agreement 
between experimental and simulated spectra (except Fig. 6b) based on visual inspec- 
tion gives us confidence to believe that a consistent set of  parameters has been selected. 
it has to be kept in mind, however, that some of ' the parameters are interdependent in 
the sence that the5 for small variations have similar, bul not identical, overall eflect~ 
on the spectra. This is especially the case for 147 r and tile Gaussian-Lorentzian line- 
shape mixture. 

Our results show that the introduction of  iime dependent linewidths is vet \  
important  and the spectra are dramatically improved. This is examplified in Fig. 7, 
where spectra have been simulated (with the same double integral), the lirsl including 
time dependence (full line) and the second neglecting time dependence (dotted line). 
The different broadenings at various positions of  tile spectrum sire immediately seen. 
Further, the separation of  the high and low field extrema is found to be different from 
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Fig. 7. Demonstration of the effect of the introduction of time dependent linewidth. Full line: 
Spectrum simulated with the parameter set used in Table I for ÷ 10.6 °C (cf. Fig. 6d). Dotted line: 
Same spectrum where the time dependent effect has been neglected (T -- 0). Both spectra have been 
normalized to the same double integral. 

the theoretical maximum splitting 2T'ma X ~ 2Tyy (Eqn 26). The main effect is at the 
high field region (m = - 1), whereas the central peak is the part that is affected the 
least. This finding justifies the amplitude scaling applied in Fig. 6. Mere adjustment of 
W r, without applying any dynamic lineshape, never improves the agreement with the 
experimental spectrum to any appreciable extent. In our earlier work [1 ] on stearic 
acid spin labels, I(m, n), we had not yet introduced any time dependence. Preliminary 
simulations show, as expected, that also in this case agreement with experimental 
spectra may be obtained with the present model. 

As seen from Table 1, ~b o increases gradually from 0 ° to about 90 ° as the 
temperature goes from --31 °C to 0 °C. The increase of flo is more gradual and 
probably starts already in this low temperature range, but low values of 130 have a 
small effect compared to the effect oftho in this region. Hence the failure of the model 
to include both modes of motion for ~o -< 90° is not a serious one. Above 0 °C the 
angle of wobble, 13o, has to be introduced. It is most easy to fit spectra when/30 ~ 0 ° 
(low temperature) and when ~o = 90° (high temperature) but in the "overlap" 
region (4)0 :~ 90°; 13o ~ 0°) the spectra are more challenging. 

The inferior fit derived for the spectrum at -- 10 °C (Fig. 6b) was not possible to 
improve with the present model. The simplest explanation would be that at this tem- 
perature there are two phases present, but today we have not further experimental 
results supporting such a case. Hence, when the correlation times from Table I are 
plotted as an Arrhenius graph (Fig. 8) there is no obvious indication of an eventual 
phase transition. Here log(I/Tell) is plotted vs. 1/K, where 

1 I 
- for temperatures below O°C 

"~eff Ta 
l l 1 (27)  

. . . . . .  + -- for temperatures above O°C 
~'eff Tat Tt 

As seen, a linear dependence is obtained over the whole temperature range studied. 
Only an ill defined transition in the region --15 to --5 °C has been reported for egg 
lecithin so far [16], which we hardly would expect to detect in our experiments. 
An activation energy of 13.8 kJ • tool-~ (3.3 kcal • mol-2) is calculated, a reasonable 
value for a lipid system• In the literature it is not uncommon to estimate correlation 
times from applitude or linewidth ratios according to the theory developed for rapid 
isotropic motion. Even small tendencies to anisotropic motion will invalidate such 
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Fig. 8. Arrhcnius  representat ion o f  the temperature  behaviour  o f  the s imulaled correlation limes 
(Table I; Eqn 27) for the 3-doxyl-cholestanc spin label in aqueous  egg lecithin dispersion. 

calculations. This may be examplified by the experiments at the higher temperatures 
applied in our work for which the motions most closely would approximate the iso- 
tropic case: for example r 1.8 and 2.7 ns for 71' and 39', respectively, compared 
with r~f r : 0.08 and 0.26 ns, applying the present theory that accounts f'or aniso- 
tropic motion. 

C O N C L U S I O N S  

The treatment of  spin-label motion presented is not generally applicable 
because of (a) physical limitations of  the model, and (b) exclusion of pseudosecular 
terms in linewidth calculations. But the overall agreement with our experiments is 
very good, considering that the model involves only two different motional modes and 
that only four parameters are used (i.e. 4~o, lJo, W, (~tt fixed line shape), and r( r~rr) ) 
for the whole temperature range. The computational time for a simulation, including 
double integral scaling, is modest and requires only about one minute per spectrum. 
Results show that the present model satisfactorily accounts for the motion o1" steroid 
spin label I I  in lecithin bilayer vesicles over a wide temperature range. The model is 
physically realistic for spin labels in membranes since membrane lipids (and proteins) 
act as restricting walls, so that the motion of spin labeled molecules litting into the 
bilayer may be expected to be rapid but confined within certain angular limits. 

The present model should not be suitable l'or spin labels in isotropic viscous 
media or solutions, l\~r which a rotational diffusional model will be better. For spin 
labels in membranes and in many cases for spin labels attached (bound) to proteins 
and other macromolecules the present model has the great advantage of delining 
the motion and its limits in a way that is consistent with molecular architecture of the 
system. For spin labels attached to proteins in solution both rapid restricted rotations 
and diffusional rotations may together determine the spectral shape. Here it may 
be best first to calculate ~ ,  ~ ,  etc. using the present model, and then use these 
values in a slow rotational diffusion analysis, (employing a different, probably longer, 
rotational correlation time), It would be interesting to compare our results with 
motional parameters derived from stochastic theories for anisotropic liquids [3]. 
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